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o Definition 3.3.1 The apparent rate of action of type o in a component P, denated ro(P) 4

o is the sum of the rates of all activities of type o in Act(P).

i m((.ﬁ,rj.P}={ 0 :;g;z
2. 1a(P+Q) = r1a(P) + ra(@)
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Syntax \
m u= x(y) receivey alongx
F(y) send y along x
Pu=0|3,mPlle=y| P|P|P|(newz)P|!P
Structural congruence > 2

Renaming of bound variables

2P = 2(2)-({z/y}P)  ifz¢ FN(P)
(newy).P = (newz).({z/y}P) ifz¢g FN(P) J
Structural congruence laws
~
PlQ = QP commutativity of parallel composition
(PIQ)R = P|Q|R) associativity of parallel composition
P+@Q = Q+P commutativity of summation
(P+Q)+R = P+(Q+R) associativity of summation >.
(new z)0 = 0 restriction of inert processes #2 +
(new Z)(new ). . 5. . (newalnewa). .............. polyadic restriction
J{(new 2)P)|Q) = (new z)(P|Q) ifx g FN(Q) . scope extrusion
.....O...O.!?..’é..mrp.........O...O...O....... mplicatiml J

J

P P

acti d allel ition (P
PIQ > PQ reaction under parallel composition (PAR) > %
. Tnew m]jj; : f:ew:n]P’ reaction under restriction (RES) :

Q=PP— P P =
Q— Q'

structural congruence (STRUCT) _J
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TABLE 2. Early proved transition system of Sm.
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< Ing (0) = A
s IS i) P :
Table 1 L (Z}“ ri) ) :
Reduction semantics of the biochemical stochastic m-calculus . ) ) T
CEmnE S e s st e s e S e SR R —— :|[(m,rs)|zEiﬂsbj(m)zlﬂ,:
11 . :
( + (x(z), r). Q:I|({x{1} PP ) L, QIP(z/y), xéM o D (PP =Ing(Py) +Ing(P2), s
2o (v2)P) = lfm-(P) 1f:<75,1;., :
_ . 0 otherw ise.,.

(” r+ (®(z),r)-Q + (x(y), 1) P)| Oty 15 similarly defined. by 1eplac1119 any occurrence

A /2r2-2-1) of In with Owt and the condition sbj(m;) = x with

({I{E}J\}.Q-I—{.x{}“}..r}.P—I—---)L Q|P{z/¥}. x€H, sbj(m;) =X. AU

X IR L, ' A nsual reaction is implemented by the three parame-
P > P ro=ro +Inx(Q), ters rp. rg and ri. where rp represents the basal rate,
X, Fper ] , r{ =r1 + Outy(Q) and rp and r; denote the quantities of interacting mole-
1 1 i h L .
PlQ > P |Q cules, and are computed compositionally via /n, and
L 0000000068000003000:, Quty while deducing transitions. The first axiom in Ta-
) X PR o X PR ble 1 corresponds to usual reactions, with two differ-
: pIEOL i g=p P20 P p=( P -
. . ent molecules. The second one corresponds to homo-
:. (vx)P x,_}rb o (vx)P' .: 0 —:.x,rb ol o' dimerization reactions.




Diefinition 2.1 (Process Expressions)

)

%

" In the following let ¢ = S be a configuration, Ch,

The set of action prefixes w are defined by ISTRUCT) PP fP=Qand P'=Q'
£
T = z(y) receive jf along @ PP
- — PA _

| AT, send ¥ along . [PAR] PIQ 5 P'|Q
where § denotes a tuple (y1,...,4,) of channel [RES] PSP ifz#y
names called a channel vector. The set of process newy:r) P S (newy:vr) P
F,..XPI"ESH]’GHS]’H mﬂstﬂp]"-fﬂ:f:l.dl.lﬂisdﬂ'ﬁﬂﬂdh}"thﬂ ..................%‘_’}.ﬁ........'..........
following syntax with the syntactic categories pro- o [STOCH] 7
EE.RHEE(PJ,gUﬂI‘dEdSI!mS fM}HﬂdpﬂJf‘E‘.‘i?dH‘Jﬂrﬂ- :-ooooooooo f?omoo ooo_:: IFP.J.:.I}.............
tions (D): . [REACT]

the channels contained in the environments in the
confipuration ¢ and assume that s and 5" are sum-
mations in 5. Furthermore let

|slen = H{Erf:-P} EA|s=(Ae)relz)= .-_-hH
and

lslg = |{{f,f,P]I Ed|s=(Ae)nelr)= .:hH

((x(§H)-P + M)|(F(2).Q + N)) = ({Z/#}P|Q}) ¢ Then the apparent rate of a reaction on a channel

.--oc--oc-ooc-oo--oo--oo--oo--oc.-oc--oc-.1nau{mﬁguratlﬂn1=i [']_Fﬁnfﬂ']_aﬂ

Dz=D;D | AR Y P

Pu= P|P | new (z1:11,...
| M| A@@) |0

Mu=mP|M+M

I iTa) P

where () is the nil process (or empty sum} which
cannot do any transitions and A(F) is an invoca-
tion of the process with identifier A with actual
parameters I.

Definition 2.2 (Structural Congruence}

Two processes P oand @ in the StoPi-caleulus are
structurally congruent, written P = ¢}, if we can
transform one into the other by using the following
equations (in either direction):

1. P={Z/FIP ify; ¢ fn(P) for 1 < i < |§).
{ee-conversion )
2 M+N=N+M, (M+N)+L=M+(N+L)
3. Plo= P, P|Q = Q|P, P|(Q|R) = (PIQ}|R
4. new £0 =0, new T P = new §z P
new F(P|Q) = Plnew & Q) if z; ¢ fn(F)
far 1 < i < |7,

5. A® Y P Ay = g5 P

Figure 1: Semantics of the StoPi-caleulus.

Definition 3.1 (Process Normal Form)
For a process in the StoPi-calculus we define the
normal form as

new (i Un 1) (Pr]---|Fy)  (3)

where each F; is either 5, m Py or A(F).
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Deﬂnltlnn 3.4 (Apparent Rates) °
The apparfml: rate of a reaction between guarded ° .
sums s and &' in a configuration ¢ on channel ch € ¢
C'h., where & receives input on ch and s’ r:-utput.'i
on ch, is defined as:

ifs# 5

atherwise,

. + H—
r(s,5',ch) = { a‘h" |slen - |s'| 25

.°oooooooooooooooooooooooooooooooooo[ﬁ.

The apparent rate of channel ch in & configuration
¢ is the sum of the apparent rates of a reactions on

" ¢h on all possible guarded sums:

renlc) = Z r{s, 5, ch). (7

58 ES

Note that the expression (7) can explicitly be cal-
culated as

renle) =che | 3 Islen- D I8'lx (8)

FES sES
PrTs



P,Q = vxP Restriction (1)
| P|Q Parallel (2)
| X Summesation  (3)
| !m.P  Replication (4}

Definition 1. Syntax of SPi

E:= 0 Null (5)
| 7P+ X  Action (6)
Tr= x{n) Qutput (1)

| xz(m)

Input,z #m (&)

T

QEPo_’p’qu oo

® e ..?".. [ ]
: . p =.>

‘..ﬁ ",..:D,

.Q‘...‘cb......
ve P s px P’

...Q..'.._F’ré...

P+ X | 2(m).Q+ X " P Qunsmy

Definition 2. Reduction in SPi

()
(10)
(1)
(12)

Plo=p (13)
PlQ=Q|P (14
Pl@QIR)y=(P|Q) R (15
ImP=m(P|Im.F) (16)
vr0=0 (17)
vevy P =vyve P (18)

T.P+n'. P+ X =P +m. P+ X (19)

Y=X'= rP+X =7 P+X'(20)
rem{P)=ve (P|Q)=P |ved (21)
P=P = vzP=vaP (22)
P=P=P|Q=P|Q (23)

P=F =1rP=

B (24)

P=P'= g P+¥ =n.P' +X (25

Definition 3. Structural congruence in SPi

VIl i=vaV  Restriction (26)
| A List 27)

Definition 7. Syntaz of SPiM

A,Bz= |

Empty (28)

1 XA Summation  (29)

ngfmP) = P:vzV)2px(P:V) (30)
0:4224 (31)
(P|Q):A2P:Q:A (32)
rgfm(PA) = (vyP):A2vr(Pyy A (33)
mP:A&2 7 (P|lm.P):A (34)
(mP4+X): A& (m P+ XA (35)
Definition 8. Construction in SPiM
(P12 P (36)

Definition 9. Encoding SPi te SPiM

%

#

Definition 11. Selection in SPiM

%
0 + 1
Vv o= oV D eV (37)
= Next(A)
A > (z(m).P+ X):A" = A™¥p Q4" 38)
AAT = (). Q@+ ) A"
Definition 10. Reduction in SPiM
A@xy:: A" ¥ Aad! (39)
FeAs- (o' P+ XA (nP+E) A= (P PP 4a P+ XA (40)
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A Correct Abstract Machine for the Stochastic

Pi-calculus
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The next reaction channel = and the reaction delay v are calculated using

the algorithm described in Definition 12, The algorithm is based on the Gillespie
algorithm [6], which uses a notion of channel activity in order to stochastically
select the next reaction channel. A similar notion of channel activity is defined
for the SPi-Machine, where Act.(A) denotes the activity of channel r in list A.
The activity corresponds to the number of possible combinations of inputs and
outputs on channel r in A, and is defined by:

00 0000000000000 0000000000000000,

o Aci(A) = (Ing(A) * Ouig(A)) — Mixg(A) .

®e000000000000000000000000000000
where In  (A) and Out, (A4) are the number of unguarded inputs and outputs on
channel = in A, respectively, and Mix, (A) = the sum of In.(X;) x Out.(X;) for
each summation ¥; in A. The formula takes into account the fact that an input
and an cutput in the same summation cannot interact, by subtracting Mix_(A)
from the product of the number of inputs and outputs on =, Once the values ¢
and 7 have been calculated, the machine increments the reaction time by delay 7
and randomly chooses one of the available reactions on = with equal probability,
using the selection operator. This is achieved by randomly choosing a number
n € [1.In,(A)] and selecting the nth input in A, followed by randomly selecting
an output from the remaining list in a similar fashion.
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PQu:= pzP Restriction E:=X{m)=F Definition, fn(F) C m . . . .
| P|Q  Parallel | E,E, Union A Graphical Representation for Biological
| M Choice |0 Empty Processes in the Stochastic pi-calculus
[ Instance
Ti=
i z(m) fnput Andrew Phillips!, Luca Cardelli', and Giuseppe Castagna®
Mi=aP4+M Action | lz(n) Cutput
| o Null | Delay
lz(n).P+M == p 1
:.............................................: - ?Il::ln:lp+hrf E} P{“J.lm] 2
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L PERp Q"o = PlQ T PQ
ngh(Q) PEUP QNG = PlQ T (P |Q)

(1)
(2)
(3)
(4)
(5)
L I s s ©)
riy PP o yp ™ p (7)
r¢mia)Ubnja) PP = wxP % opx P (8)
M 2P = xPiM =2 P (9)

bofa) nfn(Q)=0 PP = P|Q 2 P'|Q (10)
X(m)=P Ppm —P = Xn) = P (11}
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2+ @
n.P+M s P (126)

z(n).P+ M |?2z(m).Q+N = P| Qn/m} (127)

&

QEP—E?PFEQI = Q —

Reduction in S, where # ::=x

t PP =5 pzp "D ep (128)
94r PP = wvzP L 2P (129)
p2p = Pl@ X~ P|Q (130)

(

(x, P) is the apparent rate of = in P.

In,(vzP) £ 0 (110
r#y = Ing(vyP) & In.(P) (111
PQ = ve P Restriction E:= X(m)=F Definition, fn(P) C m (P|Q) £ In(P)+In(Q) (112
| PI@  Parald | BuBy Union Xm)=P = (X)) 2 bu(Pum) (113
M Choi Empty
— oiee | g . Ing(7.P+M) 2 In,(r)+In, (M) (11
| X(n) Instance In,(0) £ 0 (115
Tou= Tx(m) Tnput *
M= 7P+ M Action | lz(n) Output In,(z(m)) 2 1 (116
n,(Tz(m =
0 Null T, Delay

| " | e . ety = TIn.(2yim)) £ 0 (117
Definition 1.1. Syntax of S7 In.(ly(n)) £ 0 (118
In.(r,) £ 0 119

Plo = P (102) ol (

rPlQ = Q|P (103)

Mix,(vzP) & 0 120
PI@QIR) = (P|QIR (104) r#Fy = Mix.(vy Pi £ Mix,(P) El?l
m.Pi+7mPo+M = m.Ph+m.P+M (105] - Mix, ( PlQ) 5 v (P) + Mix, (Q) (122
ve0 =0 (106) X P M ) &4 Mi : P, ) 123

vevyP = vyvzP (107) (m)= - (X (n)) j %z (Ptn/m)) (
. Mix, (M) £ In. (M) x Out, (M 124

rEm(P) = w(P|Q) = PlvzQ (108) oooooooooo00:‘0(00)0onol:o(o)oéololo(oo). (
Xm)2P = X(n) = Puyw (109) o R(x, P) =rate(x) » (In,(P) x Out,(P) — Mix.(P)) ¢ (12r

®000000000000000000000000000000
Definition 1.2. Structural Congruence in Sw Definition 1.3. Apparent Rate in Sw. The definition of Out, (P) is similar to that of In,(P).

Proposition 1.4. YPPeSt AP =@ = R(x, P) = R(z,Q)
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1. For all € fa(A) calculate ar = Actz(A) * rate(x)

2. Store non-zero values of ax in a list (2p.ap), where g 2 1...0M.
3. Calculate ao = Y0 aw

4.

(Generate two random numbers 1y nz £ [0, 1] and caleulate 7, such that:

T={(1/ap) In(1/nq)

p—1 e
E dp < Nado < E dp
=1 =1

5. Next(A) =z, and Delay(A) =7.

Definition 12. Calewlating Next(A) and Delay(A) according to Gillespie [6].
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send«tail=

- remove | ]
degrads () unbind()

tailes
binds«unkind, send, removes gend (tail)
removes = degrade ()
: degrads ) O
i, O

| new g=nd |

F
prcrte:l.n A
protein TF()
: L
D e [
translate() translate(]

Ealld 2
rna TF()

degrade-=

+ degrade’ ==
+ transcriks«s
+ tramscribe’«= taili})
+ translate<=

transcribe’ ()

transcribe ()

Figure 2. Regulating Gene Expression by Positive Feedback [9)
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Figure 3. Protein A molecules v.s. time in presence (left) and absence (right) of TF
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