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V4= —aV, Ve + BV,

- The (autonomous) ODE system V = F(V) underlying a CRN (S, R) is F : R‘gl, - RY,
Ve = —aVVe + Vp

where each component Fy, with X € S is delined as:

. Fx (V) := (X)) — p(X) - JT &Y.
ng—BVg x(V) Yo w(X)—p(X)) e [[ W

,n—"—hwER Yes
. This represents the well-known mass-action kinetics, where the reaction rate is proportional
IF.D — 51;.5) to the concentrations of the reactants involved. Since the ODE system of a CRN is given by

polynomials, the vector field F' is locally Lipschitz. Hence, the theorem of Picard-Lindelsf

If FRT, PR T ensures that for any V(0) € RS, there exists a unique non-continuable solution of V = F(V).
IE :ﬂfldql ;—|—&151 y
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» Definition 2 (Ordinary fluid lumpability). Let (S,R) be a CRN, F be its vector field,
and H = {Hy,...,H,,} a partition of S. Then, H is ordinary fluid lumpable if for
all H € H there exists a polynomial gy in [H| variables such that 37, ., Fx(V) =

o (Xxem VXo oo Doxen, Vx) forall V e R,
*

» Theorem 11 (Forward bisimulation implies ordinary fluid lumpability). Let (S, R) be a CRN.
Then, H is an ordinarily fluid lumpable partition of S if H is an FB of S.

» Definition 7 (Reaction and production rates). Let (S,R) be a CRN, X.Y € S, and
p € MS(S). The p-reaction rate of X, and the p-production rate of Y-elements by X are
defined respectively as

ere[X, p] = (p(X) +1) 3« pr(X,p.Y) = (p(X)+1) > a-=(Y)
X+p—3meR X+4p—37€R
Finally, for H C S we define pr[X,p, H] := >, -y pr(X,p.Y).

» Definition 8 (Forward CRN Bisimulation). Let (S, R) be a CRN, R an equivalence relation
over § and H = S/R. Then, R is a forward CRN bisimulation (abbreviated FB) if for all
(X,Y) e R, all pe MS(S), and all H € H it holds that

crr[X,p] =crr[Y,p] and pr[X,p, H] =prlY,p, H| (1)
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0oV4(0) = Vg(0) and V(0) = Vp(0) Va = —aVaVe + BVe
, , , . AR
Va(t) = Vg(t) and Ve (t) = Vp(t) R

‘VE = &'1{41”(] + EE‘XBL’FC

13(E)

Va = —aVaVe + BVe

Ve = —8Ve i

S
VE = 2aVa Ve @

# -8
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» Definition 4 (Exact fluid lumpability). Let (S, R) be a CRN, F' its vector field, and H a
partition of 5. We call V eR® constant on H if Vx, =Vx, forall H € H,and all X;, X; € H.
Then, H is exactly fluid lumpable if F(V) is constant on ‘H whenever V' is constant on H.

*

» Theorem 17 (Backward bisimulation characterizes exact fluid lumpability). Let (S, R) be a
CRN. Then, H is an exactly fluid lumpable partition of S if and only if H is a BB of S.

» Definition 13 (Cumulative flux rate). Let (5. R) be a CRN, X € S, p € MS(5), and
M C MS(S). Then, we define

fr(X,p) = Z (m(X) = p(X)) - a, fr[X, M] = Z fr(X, p).
p—3reR pEM
We call fr(X, p) and fr[X, M] p-fluz rate and cumulative M-fluz rate of X, respectively.

» Definition 14 (Backward CRN bisimulation). Let (S,R) be a CRN, R an equivalence

" #3%&'() *
relation over S, H = S/R and p the choice function of H. Then, R is a backward CRN
bisimulation (BB) if for any (X,Y) € R it holds that
bt #s+ ) *
fr[X, M] = e[V, M] forall Me{p|p-—"smcR} ~u, (2)

where any two p,0 € MS(S) satisty p =~y o if p(p) = p(o).




Benchmarks from
Sneddon et al., Nature Methods, 2011

6 3538944 262146 222 4.61E+4 222 7.65E+4
(1} L1} *

e8 786432 65538 167 1.92E+3 167 3.68E+3

M ey 172032 16386 122 8.15E+1 122 1.77E+2

6 n eb 26864 4098 86 3.00E+0 86 7.29E+o0
4 7?7 * 5 e5 7680 1026 58 1.54E-1 58 4.06E-1
eq4 1536 258 37 9.00E-3 37 1.09E-1

e3 288 66 22 1.00E-3 22 3.00E-3

e2 48 18 12 1.00E-3 12 2.00E-3
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Figure 1. Paper overview.
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D. Jovanovic and L. M. de Moura. Solving non-linear arithmetic. In
IJCAR, pages 339-354, 2012.
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