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Stochastic Collectives



Stochastic Collectives

e "Collective":

- A large set of interacting finite state automata:
e Not quite language automata ("large set")
e Not quite cellular automata ("interacting” but not on a grid)
e Not quite process algebra ("collective behavior")
o Cf. multi-agent systems and swarm intelligence

e "Stochastic":

- Interactions have rates
e Not quite discrete (hundreds or thousands of components)
e Not quite continuous (non-trivial stochastic effects)
e Not quite hybrid (no "switching” between regimes)

e Very much like biochemistry
- Which is a large set of stochastically interacting molecules/proteins
- Are proteins finite state and subject to automata-like transitions?

e Let's say they are, at least because:

e Much of the knowledge being accumulated in Systems Biology
is described as state transition diagrams [Kitano].



State Transitions
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Interacting Automata

hew a@r,
Communication
%a @r; new b@r'z channels
I VAN new c@r,
‘C@A5E A1 = ?Cl} A2 \
: A, = lc; Ag
» A3 = T@A5; A1
Bl - T@AZ; BZ + !Cl,' B §
@ current State BZ = T@Al; Bl > §
=== P> Delay Wl | o
=== Transition B3 H 7b, BZ °
=== P Tnteraction
it ool Qe ol 0
Communicating automata: a graphical FSA-like 1 Il 2. 3
notation for “finite state restriction-free n- C2 M T@A3' Cl
calculus processes”. Interacting automata do not C3 = T@A 4 C2 y.
even exchange values on communication.
The stochastic version has rates on A 1 | B ! | Cl } The system and
initial state

communications, and delays.

"Finite state" means: no composition or restriction inside recursion.
Analyzable by standard Markovian techniques, by first computing
the "product automaton” to obtain the underlying finite Markov
transition system. [Buchholz]



Interacting Automata Transition Rules

. Current State
Delay === Delay

. . == Transition
: t@r * : 1@r
u r| u

r

Q: What kind of mass behavior can this produce?

(We need to understand that if want to understand biochemical systems.)



Interactions in a Population

Suppose this is the () ()
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Interactions in a Population
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Interactions in a Population
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Interactions in a Population (2)
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Interactions in a Population (2)
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Groupies and Celebrities

la

Celebrity

(does not want to be like somebody else)

directive sample 0.1 200 0@10
directive plot A(); B() b@1.0
new a@1.0:chan()
new b@1.0:chan()

let A() = do la; A() or ?a; B()
and B() = do |b; B() or ?b; A()

run 100 of (AQ) | B())

Ib

A stochastic collective of celebrities:

200 —AQ —B(
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Stable because as soon as a A finds itself in the majority, it is more likely to
find somebody in the same state, and hence change, so the majority is weakened.

Groupie
, (wants to be like somebody different)
directive sample 0.1 200 a@1.0
A directive plot A(); B() b@1.0
?2a ?b new a@1.0:chan()

new b@1.0:chan()

let A() = do la; A() or ?b; B()
and B() = do Ib; B() or ?a; A()

run 100 of (AQ) | B())

V N
Ib

A stochastic collective of groupies:

200 ——AQ) — B0

180 always
160 eventually
140 deadlock
120

——B0
200

180 4
160 4
140 4
120 4
100 4
80 -
60 -
40 4
20

0 50 100 150 200 .

Unstable because within an A majority, an A has difficulty finding a B to
emulate, but the few B's have plenty of A's to emulate, so the majority may
switch to B. Leads to deadlock when everybody is in the same state and there is
nobody different to emulate.

0 T T
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Both Together

A way to break the deadlocks: Groupies with just a few Celebrities

la

directive sample 10.0
directive plot Ag(): Bg(): Ac(): Bc()

new a@1.0:chan()
new b@1.0:chan()
Many S A fe_W. let Ac() = do la; Ac() or ?a; Be()
Groupies ‘a4 Celebrities and Be() = do Ib: Be() or 2b: Ac()
let Ag() = do la: Ag() or ?b; Bg()
and Bg() = do Ib; Bg() or ?a; Ag()
run 1 of Ac()
run 100 of (Ag() | Bg())
never
deadlock
200 SPikd
gl
Bgl)
150 el
100 .II{' |
50
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Hysteric Groupies

We can get more regular behavior from groupies if they "need more
convincing”, or “hysteresis” (history-dependence), fo switch states.

!Cl 20 ——Ga) —— Gh() directive sample 10.0 1000
®1 a"solid threshold” to observe switching | : directiveplot-Gap-6bi)
o | : new a@1.0:chan()
20 | e . new b@1.0:chan()
?a 100 - . JSample arbiy| et 6a0 = do la Gal) or 2b; 2b; Gb()
80 120 Ga vs. Gb and Gb() = do lb; Gb() or ?a; ?a; GG()
?a jzkllllllll NN EEjEEE EEEEEEEEEEpEEgQEER mm 1ZZ IGTDG()Z!G}DG()
20 | & and Db() = Ib; Db()
0 h/‘A h.f\\ i A / Wy . N A. \ : M ‘ _‘J 4
1 2 3 4 5 6 7

run 100 of (Ga() | Gb())

. run 1 of (Da() | Db())

8 9 10,

0 50 100 150

I
'b la b (With doping to
break deadlocks)
N.B.: It will not oscillate

without doping (noise)

200 G — G0 ~ directive sample 10.0 1000
180 - directive plot Ga(); Gb()
JEz new a@1.0:chan()
) new b@1.0:chan()
120
100 1 sample orbit let Ga() = do la; Ga() or ?b; ?b; ?b; Gb()
80 | Ga vs. Gb and 6b() = do Ib; Gb() or ?a; ?a; ?a; Ga()
60 - let Da() = la; Da()
40’llll AR REL REERR RN IR R RERRERRRRRRERRIRRERRINERRRERER andDb()=!b,‘Db()
20 MJ J
0 ‘ ‘ (A BRREY . B ‘ : ‘ ‘ sk run 100 of (Ga() | Gb()) .
0 1 2 3 4 5 6 7 8 9 10 run 1of (Da() | Db())
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The Two Semantic Faces of Chemistry

Continuous-state Semantics
(Generalized Mass Action)

ODE = ODE
Continuous
Chemistry
1 T Process Nondeterministic
Algebra Semantics g
Discrete =
Chemistry : g
‘ Stochastic ~
CTMC ! CTMC Semantics

Discrete-state Semantics
(Chemical Master Equation)

Luca Cardelli: "On Process Rate Semantics”,
showing that these diagrams commute.
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Chemical 6Ground Form (CGF)

E = Xi=My, .., X,=M,  Definitions (n20)
M:=mP,®. ®xn;P, Molecules (n20)

il LA D Solutions  (n:0)
TS T, PNy Ingy Interactions (delay, input, output)
CGF ::=EP Definitions with Initial Conditions

® is stochastic choice (vs. + for chemical reactions)
0 is the null solution (P|0 = O|P = P)
and null molecule (M®0 = 0®&M = M) (t,.P = 0)
X. are distinct in E
Each name n is assigned a fixed rate r: n,

(To translate chemistry back to
processes we need a bit more than simple
automata: we may have "+" on the right
of —, that is we may need "|" after 1.)

I . :
4 Ex: interacting automata
a (which are finite-control CGFs: use “|" only in initial conditions):
/—| Automaton in state A
2al \?b A=la,A ®?bB
B=I1bB®2aA I Automaton in state B

A|A|B|B | Initial

' conditions:
Ib

2A and 2B



Processes to Chemistry

Discrete

Automat )
omatd Chemistry
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Continuous
____________ Chemistry Y~ NaY
A ok A’ withk=r

A+A -5 A’+A” with k =ry/2
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Continuous
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Processes to GMA

Process Rate Equation for a CGF, E

[XT'e = E(YeE) Acerg(Y X)-[Y]) - Deple(X)[X] foraiX<E | [ODE] = [ODE
Continuous

Depl(X) = hemi ‘
X(ir EX.i=tP) r+ = imlftry Process
X(i: E.X.i=?a,;P) ry-OutsOng(a) + ! Algebra
£(i: E.X.izla;P) ry-InsOng(a) oo l

Acere(Y, X) = CT%\/IC = [cTMC
X(is E.Y.i=t(:P) #X(P)r +
X(i: BY.i=?qa,.P) #X(P)ry-OutsOng(a) +
X(i: E.Y.i=la,y:P) #X(P)-ry-InsOng(a) X :’C(r.),'o [X]' - -I"[X]

InsOng(a) = S(Y< E) #{Y.i | EY.i=2a,,P}[Y] :
OutsOng(a) = 2(YeE) #{Y.i | EY.izlag,P} [Y] X =?a.0 [X]* = -ry[X][Y]

Y = la,:0 [Y] = -rIX][Y]

X=?a,,0® [X]=-2r[X]
!a(r):O




Processes to CME

Process Master Equation for a CGF, E

dpr(p,t)/ot = X_sa(p-v)pr(p-v,t) - a(p)pr(p,t) forall peStates(E)

pr(p.t) = Pr{S(+)=p | S(0)=p,}  is the conditional probability of the ODE — ODE
system being in state p (a multiset of molecules) at time t 1 ‘
given that it was in state p, at time O. Continuous
S = {((X.i) £ EXi = 1, Q) U Chemistry e
{X.i,Y.j} s EXi=?n,,Qand EY.j=In,R} 1 T Algebra
is the set of possible interactions in E Discrete
Chemistry
v, is the state change caused by an interaction 1€ 3. ‘ l
v, = -X+Q if 1={Xi}s7EXi=1,Q CTMC | = CTMC
v, = -X-Y+Q R if 1={X.i, Y. j} st EXi=?n,Qand EY.j=In. R
a, is the propensity of interaction 1 in state p. Here p#X is the number of X in p.
a,(p) = r-p#X if 1={X.i} s.7. EXi=1,Q
a(p) = r-pX-p#¥ if 1={X.i,Y.j}s7.X2¥ and EX.i = 20, Qand EY.j = la,,R

a(p) = rp#*.(p#x-1) if 1={X.i, X.j} 5.7.EX.i=?a,,Qand EXj = la,,R



Examples of stochastic
collectives where:

(1) Simulation is puzzling and ODE analysis
is more useful.

(2) ODE analysis is puzzling and simulation is
more useful.
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Second-order and Zero-order Regime

1000

@1.0 ! 500

- ?a
\l/ 78
M .

125

1000

1000xS, 1xE

50
ED

@1.0 s
EEEEEEE -

i !a 625

@1.0 E 500

i ?a a7s
M 250
125

"a

1000xS, 1XE

1000

E+S —r E+P
directive sample 1000.0
directive plot S(); P(); E()
new a@1.0:chan()
let E() = la; E()
and S() = ?a; P()

and P() = ()

run (1 of E() | 1000 of S())

E+S —r ES+P
ES —s E

directive sample 1000.0
directive plot S(); P(); E()

new a@1.0:chan()

let E() = la; delay@1.0; E()
and S() = ?a; P()

and P() = ()

run (1 of E() | 1000 of S())

Second-Order Regime
[ST = -r[E][S]

Zero-Order Regime
[S] = -1



Ultrasensitivit

E+S — ES+P
F+P — FP+S
ES—E
FP > P

directive sample 215.0
directive plot S(): PO EQ: ES: FO: FPO

new a@1.0:chan() new b@1.0:chan()

let S() = ?a; P()
and P() = 2b; S()

let EQ) = la; delay@1.0; E()
and F() = Ib; delay@1.0; F()

Zero-Order Regime
A small E-F inbalance causes

5Pt .
50 a much larger S-P switch
800 PO let clock(t:float, tickichan) = (* sends a tick every t time *)
(val ti = 1/100.0 val d = 10/i  (* by 100-step erlang timers *)
o E{ let step(niint) = if n<=0 then Itick; clock(t,tick) else delay@d: step(n-1)
ES0 run step(100))
let Sig(p:proc(), tick:chan) = (p() | ?tick: Sig(p,tick))
Chl let raising(p:proc(), t:float) =
(new tickichan run (clock(t tick) | Sig(p tick)))
200
@0 run 100 of F()
. 04 run raising(E 10)
0 100xF, 0..200xE 215
Second-Order Regime
E+S — E+P directive plot S0; PO: EQ: FO
! a F+P —» F+S new a@1.0:chan() new b@1.0:chan()
¢ let Q) = 2a: P()
@1.0: 7a and P() = 2b; ()
\:/ ¢ - let EQ = la; EQ
1000 o and FQ) = Ib; F()
: S0 Pg run 1000 of S()
|
' let clock(t:float, tickichan) = (* sends a tick every t time *)
?b ! @1.0 Gy E (val ti = 1/100.0 val d = 10/+i  (* by 100-step erlang fimers *)
i F let step(niint) = if ne=0 then Hick: clock(t tick) else delay@d: step(r-1)
Sl I::I run step(100))
'b let Sig(p:proc(), tickichan) = (p() | 2tick: Sig(p,tick))
. 200 let raising(p:proc(), t:float) =
(new tickichan run (clock(t tick) | Sig(p tick)))
K] 215 run 100 of F()

100xF, 0..200xE

run raising(E,1.0)



1000
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250

125

Cascades

SPiM

la
b
Iz

0
0 0.03
100xaHi, 1000xbLo, 1000xcLo, rates=1.0

Second-Oder Regime cascade:
a signal amplifier (MAPK)

aHi >0 = cHi = max

directive sample 0.03
directive plot la; Ib; lc

new a@1.0:chan new b@1.0:chan new c@1.0:chan
let Amp_hi(a:chan, bichan) =

do Ib; Amp_hi(a,b) or delay@1.0; Amp_lo(a,b)
and Amp_lo(a:chan, bichan) =

2a; 2a; Amp_hi(a,b)

run 1000 of (Amp_lo(a,b) | Amp_lo(b,c))

let AQ) = la; AQ)
run 100 of A()

2000

1780

1500

1280

1000

750

500

250

o

SPik

la
Ib
Iz

1} 003

2000xaHi, 1000xbLo, 1000xcLo, rates=1.0

Zero-Oder Regime cascade:
a signal divider/

aHi = max = cHi=1/3 max

directive sample 0.03
directive plot la; Ib; Ic

new a@1.0:chan new b@1.0:chan new c@1.0:chan
let Amp_hi(aichan, bichan) =
do Ib; delay@1.0; Amp_hi(a,b) or delay@1.0; Amp_lo(a,b)
and Amp_lo(a:chan, b:chan) =
?a; 2a; Amp_hi(a,b)
run 1000 of (Amp_lo(a,b) | Amp_lo(b,c))

let A() = la; delay@1.0; A()
run 2000 of A()



Nonlinear Transitions



Nonlinear Transition (NLT)

A = ?C(s);B
B = lC(s),B

\d

:A+B

—5B+B |

\

[AT’
(BT

-S[A][B]
s[A][B]

By
999 AD
BER
333
SPiM
1]
0.00154957 0.014324

directive sample 0.02 1000

directive plot B(); A() .

= N.B.: needs at
new c@s:chan leas"' 1 B TO

let AQ) = 2¢; B() [\

and B() = [6:8() 961’ started"”.

run (1000 of A() | 1 of B())

Paused

Sirnulation: Time = 0013443 (999 points at 0.0085215 simTime/sysTime and halted)

1200

1000

800

BO0 -

400

200

Matlab

0 L L L L
0 10 20 30 40 a0 B0

interval/step [0:0.001:0.0]
(A) dx1/dt = - x1*x2 1000.0
(B) dx2/dt = x1*x2 1.0

-



Two NLTs: Bell Shape

Ib Ic

?b,” N ?2c,”
@®—@

[B] = [BI([A]-[C])

directive sample 0.0025 1000
directive plot B(): AQ): €()

new b@1.0:chan new c@1.0:chan

let A() = ?b; B()
and B() = do Ib;B() or ?c; €()
and C() = Ic;C()

run ((10000 of AQ) | BO) | €0)

A , )
A = 2b;y:B

C = lcyy.C Y,

(A+B —1B+B
 B+C >!1C+C

[A]* = -[A][B]
[B]* = [A][B]-[B][C]
[C]" = [B][C]

99999

BBBBB

99999

]
DDDDDDDD
Sirmulation: Time = 0.003033

00000000

O m
[=2=¥=1

500 1000 1500 2000 2500

|/step [0:0.000001:0.0025]
x1/dt = -x1*x2 10000.0
= x1*x2 - x2*x3 10

3000



NLTs in Series: Solit

1000

a75

750

625

500

375

250

128

SR

0.1

A0
B20
B30
240

AT
ARD
HAQ
a100

&130

on Propagation

directive sample 0.1 1000
directive plot A1(); A2(); A3(); A4(): A5(); A6(): A7(): AB():
A9(); A10(); A11(); A12(): A13()

val r=1.0 val s=1.0

new a2@s:chan new a3@s:chan new a4@s:chan

new a5@s:chan new a6@s:chan new a7@s:chan

new a8@s:chan new a9@s:chan new al0@s:chan

new al1@s:chan new a12@s:chan new a13@s:chan

let A1() = do delay@r;A2() or ?a2; A2()

and A2() = do la2;A2() or delay@r;A3() or ?a3; A3()

and A3() = do la3;A3() or delay@r;A4() or 2a4; A4()

and A4() = do la4;A4() or delay@r;A5() or 2a5; A5()

and A5() = do la5;A5() or delay@r;A6() or 2a6; A6()

and A6() = do la6;A6() or delay@r;A7() or ?a7; A7()

and A7() = do la7;A7() or delay@r;A8() or 2a8; A8()

and A8() = do a8;A8() or delay@r;A9() or 2a9; A9()

and A9() = do 1a9:A9() or delay@r;A10() or 2al10; A10()
and A10() = do la10;A10() or delay@r; A11() or ?all; Al1()
and A11() = do la11;A11() or delay@r;A12() or 2al2; A12()
and A12() = do la12;A12() or delay@r;A13() or ?al3; A13()
and A13() = la13;A13()

run 1000 of A1()



NLT in a Cycle: Oscillator

B ]’ = M HHH H " HH : H wwmn :

€T = -S[C][A] s[B][C]




Epidemics

Kermack, W. O. and McKendrick, A. 6. "A Contribution to the
Mathematical Theory of Epidemics." Proc. Roy. Soc. Lond. A
115, 700-721, 1927.

http://mathworld.wolfram.com/Kermack-McKendrickModel.html



Epidemics

directive sample 500.0 1000
directive plot Recovered(); Susceptible(); Infected()

!ianCT ?ianCT new infect @0.001:chan()

val recover = 0.03

. let Recovered() =
SUSCCPTI ble ‘ ; 5 infecf InfCCTed ?infect; Recovered()

and Susceptible() =
@recover sinfect: Infected()

and Infected() =
Recovered do linfect; Infected()
or ?infect; Infected()
. or delay@recover; Recovered()
?infect

run (200 of Susceptible() | 2 of Infected())

251 Recovered() —— Susceptible() Infected()
Developing the Use of Process Algebra in the
Derivation and Analysis of Mathematical Models 200 |
of Infectious Disease
150 -
R. Norman and C. Shankland
Department of Computing Science and Mathematics, University of Stirling, UK.
{ces,ran}@cs.stir.ac.uk 100 ~
- . - . . 50 -
Abstract. We introduce a series of descriptions of disease spread using
the process algebra WSCCS and compare the derived mean field equa-
tions with the traditional ordinary differential equation model. Even the
preliminary work presented here brings to light interesting theoretical 0 T T T

questions about the “best” way to defined the model.

0 50 100 150 200



Differentiating
Processes!

ODE

N\ 2501 Infected() SPiM

(" , .
S — ?|(T);I 200 Eeiizigt::clﬁ}ﬂ
-1 . N . S=7?l
L=linyI®?iyIe.R 1504 T
R=7?i..R o N
NG () J i t=0.001 r=0.03
5,200 I,=2
(S+I 5>MI+T) g 2
I+1 -WI+1 7‘ “uselrgss" - Cell Designer
P reactions 1.0
I >rR / " S+T1UT+I
\R+I ->"R+T) [>'R
£=0.001 r=0.03
S,=200/y
[S]' = -1y{S]IT] 1L e
[I]° = +y[S][I]-r[I] B
[R]" = r[I]

250

Matlab
continuous_sys_generator

200

5 S*= -t

Automata W - —als o
produce the e £=0.001 r=0.03
standard ODEs! iE_,; So=200/y

di I=2/y

(the Eermack-McEendnck, or STE model)l U E 0 T ™



Simplified Model

not useless!
linfect

Susceptible O o,mcecf% Infected

directive sample 500.0 1000

directive plot Recovered(); Susceptible(); Infected()

new infect @0.001:chan()
val recover = 0.03

let Recovered() =

0

and Susceptible() =
?infect; Infected()

and Infected() =
do linfect; Infected()
or delay@recover; Recovered()

run (200 of Susceptible() | 2 of Infected())

25

200 -

150

100

50

useless

Not totally obvious
that one cou/d have
simplified the
automata model.

Recovered() —— Susceptible()

Infected()

50 100 150 200

. )
S=?igI
Izll(t)I@TR
R=0 y

(S+T I +T
\I%’"R

([ST = -t[SI[T]

[L]" = +y[S][I]-r[I]

[RT" = rI]

Same ODE, hence
equivalent
automata models.
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Predator-Prey

Herbivor & i i @breeding

?cull

lcull

Carnivor

@mortality

785
628
471
314
167
1]

00070479 0.24341

Simulation: Halted, Time = 0.343410 {317 points at 0.0068489 simTimefsysTime)

directive sample 1.0 1000
directive plot Carnivor(); Herbivor()

val mortality = 100.0

val breeding = 300.0

val predation = 1.0

new cull @predation:chan()

let Herbivor() =
do delay@breeding; (Herbivor() | Herbivor())
or 2cull; ()

and Carnivor() =
do delay@mortality; ()

or leull; (Carnivor() | Carnivor())

run 100 of Herbivor()
run 100 of Carnivor()

Carnivor()
Herbivor

An unbounded
state system!

Flotting: Live



Lotka-Volterra in Matlab

directive sample 0.35 1000

H - "Cb" (HIH) @ ?C(P);O Ln_:;‘ggg directive ;.)Io'r Carnivor(); Herbivor()
= 1,0 ® lc,(CIC) 010 ol prasding - 3000
#HO , #CO 'Y:].O :'I\Z"A/p::‘jl(lkl(;::e;ii‘.r?on:chan()
#HO = 100 let Herbivor() =
/H %b H . H \ #CO - 100 ::::Jﬁ?/%breeding: (Herbivor() | Herbivor())
C _)m O and Carnivor() =
H + C —)PY C * C :: |ii:?y(€::$1:§:gl (C)arnivor())
[H]o = #Hy/y
[C]O #C /’Y run igg o; ?er‘b.ivoz())
\ / run of Carnivor
[H]* = b[HI-py[H][C] S
[C]. = 'm[c]"'P'Y[H][C] ae Herbivar) I
[H], = #Hy/y 800
[C]O #C /’Y 700
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Parametric Processes



Chemical Parametric Form (CPF)

E = Xi(p)=My, ... X (p,)=M, Definitions (n:>0)
ettt s L el Molecules (n>0)
1ttt e L e Solutions (n>0)
. u=1. ?n(p) 'n(p) Interactions

‘eI with initial conditions

® is stochastic choice (vs. + for chemical reactions)
0 is the null solution (P|0 = 0|P = P)
and null molecule (M@®0 = 0®&M = M) (t,:P = 0)

Not bounded-state systems. X; are distinct in E, p are vectors of names

Not finite-control systems p are vectors of distinct names when in binding position
' Each free name n in E is assigned a fixed rate r:

But still finite-species systems. written either n,, or pgr(n)=r.

A translation from CPF to CGF exists
(expanding all possible instantiation of parameters from the initial conditions)

An incremental translation algorithm exists
(expanding on demand from initial conditions)



And Yet It Moves

The Repressilator A fine stochastic oscillator over

| [ a wide range of parameters.
X Neg b
1 | Y 1 Pi
Neg Neg S\mulatioi:a'?:':e = 53810179900 (1070 points at 34439 simTime/sysTime and halted) o Frused
Parametric representation /" [Neg/xyT' = -r[Tr/x][Neg/x.y] + n[Inh/x YEN
= 2a: : [Neg/y,z]" = -r[Tr/y][Neg/y,z] + n[Inh/y z}~}
Neg(a,b) = ?a; Inh(a,b) ® 7 (Tr(b) | Neg(a,b)) [Neg/7x]* = -r[Tr/2]INeg/2.x] + nInh/z. x},ﬂ,d;
Inh(a,b) = Ty Neg(a,b) [Inh/x,y]* = r[Tr/x][Neg/x.y] - n[Inh/x,y] e
Tr(b) =1b; Tr(b) ® 1, O [Inr\;y z]° = r[Tr‘éy][Eeg//y z] - n[In"’\‘//y z] T
[Inh/z,x]* = r[Tr/z][Neg/z,x] - n[Inh/z x]
Neg(X (). Y(ry) | Neg(yy.ze) | Neg(z) X)) [Tr/x]* = e[Neg/z,X] - Y[ Tr/x]
|| [Trjy]’ = E[Eegjx,y] - Y[T'”;Y]
Tr/z)" = 21T

ﬂeg/x,y —¢ Tr/y + Neg/x .y \[ /2l = elNeg/y,z] -4l Tr/z] /
NeQ/Y,Z —¢Tr/z + NeQ/Y/Z . lf . (N . Th 1_1_ 100
Neg/z,x —¢ Tr/x + Neg/z x simpliTying IS The quantiITy w0 ' e | |
Tr/x + Neg/x,y =" Tr/x + Inh/x,y of each of the 3 gates) & AnGIYT.ICGHY hot |
Tr/y + Neg/y,z —»" Tr/y + Inh/y,z e N = an oscillatorl 1
Tr/z + Neg/z,x —" Tr/z + Inh/z x [Neg/xy1* = NN - (m+r[Tr/x])[Neg/x,y] zz Blossey-Cardelli-Phillips.
Inh/x)y —" Neg/xy [Neg/y,z]" = NN - (n+r[Tr/y])[Neg/y,z] ol
Inh/y,z —" Neg/y,z [Neg/z,x]° = N - (n+r[Tr/z])[Neg/z x] ) 1
Inh/z,x —" Neg/zx [Tr/x]" = ¢[Neg/z,x] - Y[ Tr/x] — / Ma’rlab :
Tr‘/x %’Y O [Tr‘/y]. = e[Neg/xly] - ’Y[Tr‘/y] DDi 500 1Dhﬂ 1500 SZYDD—: - 2500
Trly 70 \ [Tr/2]" = e[Neg/y 2] - [Tr/z] Y,

inter
Y (Neg/xy) dx1/dt = 0,001 - (0.001 + xAY*x1 10
Tr/z—>70 (Neg/xy) dx2/dt = 0,001 - (0.001 + x5)x2 10
(Neg/xy) dx3/dt = 0001~ (0.001+ x6)*x3 10
Neg/x,y + Neg/y,z + Neg/Z,X (Tr/%) dx4/dt = 0.1%3 - 0.001*x4 1000
(Tety) dx5/dt = 0.1%1 - 0.001%x5 0

(Tr/z) dx6/dt = 0.1*x2 - 0.001*x6 0
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A+A =0 =? A+A DA

[A]* =-2k[A]? = [A]* =-2Kk[A]?

t t
k =ry/2 A+A -2k A A+A k0 k=172
[Alg=2/y [Alg=2/y
A+A —2T A A+A =70
A+A A+A
v '

2r r
A+A A A+A 0



... as Automata

[A]* =-2r{[A] = [A]*=-4Kk[A]? = [A]" =-4k[A]* = [A]*=-2r/[A]°

1) 1)
K-ryZAsA A | AvA—*0(k=ry2)

A =230 @ la iA [A]o=12/v [A]0=12/Y A =7a,,0®!a,;0
AlA NA+A -4 A A+A 520 7~ AA
l A+A A+A l
v V
4r 4r 2r 2r
o—>0 = eo—>0 £ e—e0e = o—>o
AlA A A+A A A+A 0 AlA 0
la ?a la

(a@r)

(a@2r)
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Polyautomata

Association (n>2) a@r,,..1, ;
S T
?2a¢S, lagT
k fresh
?a, la,

? |
@ 0

SH{Pak)}  T+{(la,k)}

Current States

Dissociation (n>2) a@r,..r,
SHa k)t - T+{{la k)}

iel.n-1

dissociation

%?a

{}
, &?a
gp%soc_iatzon
A0
- 460 <~
Bb{
o - 1000xA;, 500xB, r,=1.0, 1,=1.0

Can be encoded in nt-calculus (and SPiM)
by bound-output/bound-input.

directive sample 0.005
directive plot Af(); Ab(); Bf(); Bb()

valmu=10 wvallam=10
new a@mu:chan(chan)

let Af() = (new n@lam:chan run la(n); Ab(n))
and Ab(n:chan) = In; Af()

let Bf() = 2a(n); Bb(n)
and Bb(n:chan) = ?n; Bf()

run (1000 of Af() | 500 of Bf())



Bidirectional

2 28 — Polymerization

Polymerization is
new c@u new stop@1.0 - Monomer iterated
I Automaton complexation.

free ~
lc(rht,); Appi(rht)) +
7C(|f1’), AblfT(IfT) Bound Bound Polyau-roma-ra
A (|ﬁ-) L left rlghT Bound output lc(*r) and input 2¢(l)
blft on automata transitions
lc("rht,); Apoung(Ift,rht)) to model complexation
Appa(rht) = Bound
?C(IfT); Abound(lf_r'r.h.‘_) bOTh Free Free

Avouna(IF1,rht) = 2stop

PLele




Bidirectional Polymerization

Circular Polymer Lengths

Scanning and counting the size of the circular polymers (by a cheap trick).
Polymer formation is complete within 10t; then a different polymer is scanned every 100t.

120 —— — Abound() 2count 120 — Abound() 2count 120 — Abound() 2count ——
100 +— - — 100 | 100 +—
80 80 80
60 | 60 - 60 |
20 20 - 20
0 : : 0 : : : : 0 : ‘ : :
0 200 400 600 800 10 0 200 400 600 800 100 0 200 400 600 800 1000
120 —— —— Abound() ?count 120 —— Abound() 2count —— 120 —— —— Abound() 2count —
100 —|_4|4|_'_,_.7 100 f—l__'_'_,— 100 f—J—
80 | 80 - 80 -
60 | 60 - 60 -
40 40 40
20 —I_l—l_l— 20 - 20
ot o b o ol L
0 200 400 600 800  100C 0 200 400 600 800 100 0 200 400 600 800 1000
120 —— —— Abound() ?count 120 —— Abound() 2count —— 120 —— —— Abound() ?count —
100 T 100 +— e 100 ——_l_,—
80 - 80 - 80 -
60 | 60 { — 60
40 40 + | 40
20 20 20
0 I = ‘ ‘ 0 —= ‘ ‘ N ‘ ‘
0 200 400 600 800  100¢ 0 200 400 600 800 100 0 200 400 600 800 1000

directive sample 1000.0
directive plot Abound(); ?count

type Link = chan(chan)
type Barb = chan

val lam = 1000.0 (* set high for better counting *)
val mu = 1.0

new c@mu:chan(Link)

new enter@lam:chan(Barb)

new count@lam:Barb

let Afree() =
(hew rht@lam:Link run
do lc(rht); Abrht(rht)
or 2¢c(Ift); Ablft(Ift))

and Ablft(Ift:Link) =
(hew rht@lam:Link run
le(rht); Abound(Ift,rht))

and Abrht(rht:Link) =
2¢c(Ift); Abound(Ift,rht)

and Abound(Ift:Link, rht:Link) =
do ?enter(barb); (?barb | Irht(barb))
or ?Ift(barb); (?barb | Irht(barb))

(* each Abound waits for a barb, exhibits it, and passes it to
the right so we can plot number of Abound in a ring *)

let clock(t:float, tick:chan) =
(val ti = +/1000.0 val d = 1.0/ti
let step(n:int) =
if n<=0 then Itick; clock(t,tick) else delay@d; step(n-1)
run step(1000))

(* sends a tick every t time *)

new tickichan
let Scan() = ?tick; lenter(count); Scan()

run 100 of Afree()
run (clock(100.0, tick) | Scan())

100xA;,.., initially.

The height of each rising
step is the size of a
separate circular polymer.
(Unbiased sample of nine
consecutive runs.)



P - p Actin-like
gsz—» % Poly/Depolymerization

new c@u Monomer Free
Automaton

500

250

Afree it

lc(VIft,). Apis(IfT)) + Bound
2c(rht); A,.+(rht) left

AblfT(IfT) =
lIft; Afree Il
2c(rht); Appung(Ift.rht)

Abrhf(rhT) n
Dr'hT, Afr‘ee

Abound(lfT,PhT) =
14 A, (rht)

0+
o 34.735

Bound 1000 monomers settle to
~100 polymers of size ~10
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Conclusions

e Compositional Models
- Accurate (at the "appropriate” abstraction level).
- Manageable (so we can scale them up by composition).

e Interacting Automata
- Complex global behavior from simple components.
- Bridging individual and collective behavior.

- Connections to classical Markov theory,
chemical Master Equation, and Rate Equation.

e Mapping out "the whole system”

- Through an “artificial biochemistry”
(a scalable mathematical and computational modeling framework)
to investigate "real biochemistry” on a large scale.

http://LucaCardelli.name



