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MAPK Cascade - Huang&Ferrell

Ultrasensitivity in the mitogen-activated protein cascade, Chi-Ying F. Huang and 
James E. Ferrell, Jr., 1996, Proc. Natl. Acad. Sci. USA, 93, 10078-10083.
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As 18 Ordinary Differential Equations
Plus 7 conservation equations

Each molecule

in exactly one state

One equation for each 
species (8) and complex 
(10), but not for constant 
concentration enzymes (4)
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The Circuit
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Enzymatic Reactions
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MAPK Cascade in SPiM
let KKK() =

(new u1@d1:Release new k1@r1:React

!a1(u1,k1); (do !u1;KKK() or !k1;KKKst()))

and KKKst() =

(new u2@d2:Release new k2@r2:React

do !a2(u2,k2); (do !u2;KKKst() or !k2;KKK())

or ?a3(u3,k3); (do ?u3;KKKst() or ?k3;KKKst())

or ?a5(u5,k5); (do ?u5;KKKst() or ?k5;KKKst()))

let E1() = 

?a1(u1,k1); (do ?u1;E1() or ?k1;E1())

let E2() =

?a2(u2,k2); (do ?u2;E2() or ?k2;E2())

let KK() =

(new u3@d3:Release new k3@r3:React 

!a3(u3,k3); (do !u3;KK() or !k3;KK_P()))

and KK_P() =

(new u4@d4:Release new k4@r4:React 

new u5@d5:Release new k5@r5:React

do !a4(u4,k4); (do !u4;KK_P() or !k4;KK())

or !a5(u5,k5); (do !u5;KK_P() or !k5;KK_PP()))

and KK_PP() =

(new u6@d6:Release new k6@r6:React 

do !a6(u6,k6); (do !u6;KK_PP() or !k6;KK_P())

or ?a7(u7,k7); (do ?u7;KK_PP() or ?k7;KK_PP())

or ?a9(u9,k9); (do ?u9;KK_PP() or ?k9;KK_PP()))

and KKPse() = 

do ?a4(u4,k4); (do ?u4;KKPse() or ?k4;KKPse())

or ?a6(u6,k6); (do ?u6;KKPse() or ?k6;KKPse())

let K() = 

(new u7@d7:Release new k7@r7:React 

!a7(u7,k7); (do !u7;K() or !k7;K_P()))

and K_P() = 

(new u8@d8:Release new k8@r8:React 

new u9@d9:Release new k9@r9:React 

do !a8(u8,k8); (do !u8;K_P() or !k8;K())

or !a9(u9,k9); (do !u9;K_P() or !k9;K_PP()))

and K_PP() = 

(new u10@d10:Release new k10@r10:React 

!a10(u10,k10); (do !u10;K_PP() or !k10;K_P()))

and KPse() = 

do ?a8(u8,k8); (do ?u8;KPse() or ?k8;KPse())

or ?a10(u10,k10); (do ?u10;KPse() or ?k10;KPse())

[1]substrate

[2]substrate

[3]kinase

[5]kinase

[1]enzyme

[2]enzyme

[3]substrate

[4]substrate

[5]substrate

[6]substrate

[7]kinase

[9]kinase

[4]phtase

[6]phtase

[7]substrate

[8]substrate

[9]substrate

[10]substrate

[8]phtase

[10]phtase

KKK:E1 complex

E1:KKK complex

One process for each 
component (12) including 
enzymes, but not for 
complexes. 

No need for conservation 
equations: implicit in “choice”
operator in the calculus.
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… globals

type Release = chan() 

type React = chan()

type Bond = chan(Release,React) 

new a1@1.0:Bond val d1=1.0 val r1=1.0

new a2@1.0:Bond val d2=1.0 val r2=1.0

new a3@1.0:Bond val d3=1.0 val r3=1.0

new a4@1.0:Bond val d4=1.0 val r4=1.0

new a5@1.0:Bond val d5=1.0 val r5=1.0

new a6@1.0:Bond val d6=1.0 val r6=1.0

new a7@1.0:Bond val d7=1.0 val r7=1.0

new a8@1.0:Bond val d8=1.0 val r8=1.0

new a9@1.0:Bond val d9=1.0 val r9=1.0

new a10@1.0:Bond val d10=1.0 val r10=1.0

…

run 100 of KKK()  run 100 of KK()   run 100 of K()

run 1 of E2()  run 1 of KKPse()  run 1 of KPse()

run 1 of E1()

ai(ui,ki): release (ui@di) and react (ki@ri) 
channels passed over bond (ai) channel.
(No behavior attached to channels 
except interaction rate.)
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MAPK Cascade Simulation in SPiM

K-PKKK KKK*
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All coefficients 1.0 !!!

100xKKK, 100xKK, 100xK,   

5xE2, 5xKKPse, 5xKPse.  

Input is 1xE1. 
Output is 90xK-PP (ultrasensitivity).

KKK*

KK-PP

K-PP

KKK

KK

K

KK-P

K-P

1xE1   injected

1st stage: 
KKK* barely rises

2nd stage: 

KK-PP rises, but is not stable

3rd stage: 

K-PP flips up to max

even anticipating 2nd stage 
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MAPK Cascade Simulation in SPiM

K-PKKK KKK*
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All coefficients 1.0 !!!

100xKKK, 100xKK, 100xK,   

13xE2, 13xKKPse, 13xKPse.

nxE1 as indicated

(1xE1 is not sufficient to produce an output)
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MAPK Cascade Simulation in SPiM

Rates and concentrations from paper:

1xE2 (0.3 nM)

1xKKPase (0.3 nM)

120xKPase (120 nM)

3xKKK (3 nM)

1200xKK (1.2 uM)

1200xK (1.2 uM)

dx = rx = 150,  ax = 1  

(Kmx = (dx + rx) / ax, Km = 300 nM)
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